The nuclear recoil effect on the ground-state g factor of highly charged boronlike ions is considered within the relativistic formalism. The interelectronic-interaction contribution is evaluated in the Breit approximation employing two independent approaches: the second-order perturbation theory and the configurationinteraction Dirac-Fock-Sturm method. The uncertainty of the nuclear recoil g-factor contributions is significantly reduced, especially for low-and middle-Z ions.
various effective screening potentials were introduced in the zeroth-order approximation. However, it was observed that the zeroth-order screening effect strongly underestimates the evaluated first-order correction. Based on simple considerations, it was concluded that the second-order correction cannot be seized by the first-order calculation with any screening potential. For this reason, the uncertainty due to uncalculated second-order correction was estimated by the first-tozeroth order ratio multiplied by the first-order correction obtained in the pure Coulomb potential.
This uncertainty dominates for low-Z and middle-Z ions, even exceeding the total non-trivial QED part for Z < 50. In particular, for B-like argon this uncertainty is only three times smaller than the total theoretical g-factor uncertainty determined by the two-electron QED and higher-order interelectronic-interaction contributions [16] . These contributions can be significantly improved within the methods previously developed for Li-like ions [12, 14, 15] . In this case, the total theoretical uncertainty would be determined by the nuclear recoil effect, i.e., by the its second-and higher-order interelectronic-interaction corrections.
In the present work, we improve significantly the theoretical accuracy of the nuclear recoil effect on the g factor of B-like ions. The total recoil contribution can be divided into the so-called magnetic and nonmagnetic parts, the first one being much larger than the second one, except for the very heavy ions. In order to eliminate the dominant uncertainty, the first-order perturbationtheory results are complemented by the second-order correction to the magnetic part. This contribution is found to be significant. As we expected, it is beyond the spread of the first-order results obtained with different screening potentials. Moreover, the magnetic part is calculated independently within the large-scale configuration-interaction Dirac-Fock-Sturm (CI-DFS) method. The values obtained within the two methods are found in good agreement. As a result, we present the most accurate to date values of the nuclear recoil effect on the g factor of B-like ions in the range Z = 10-92. In particular, for the B-like argon ion the uncertainty of the nuclear recoil correction is reduced by a factor of 10.
Relativistic units ( = 1, c = 1) and Heaviside charge unit [α = e 2 /(4π), e < 0] are employed throughout the paper, µ 0 = |e|/(2m) denotes the Bohr magneton.
II. THEORETICAL METHODS
Fully relativistic (QED) theory of the nuclear recoil effect in the first order in the electron-tonucleus mass ratio m/M was developed in Ref. [36] . The formulas obtained in this work were used to evaluate to all orders in αZ the nuclear recoil correction to the g factor of the 1s, 2s, and 2p j states [25-27, 33, 37, 38] . At the same time, the leading relativistic nuclear recoil contributions can be evaluated with the effective four-component operators [26] derived from the QED formalism of Ref. [36] . In the present work we consider only this part, which can be termed as the Breit approximation for the nuclear recoil effect. We note, that the nuclear recoil effect on the g factor of atomic systems can be treated also within the framework of the two-component approach (see, e.g., Ref. [34] and references therein). This approach allows one to evaluate the lowest-order relativistic contributions, while the nonrelativistic operator was derived by Phillips [35] .
The nuclear recoil correction to the atomic g factor within the Breit approximation is represented by the two effective relativistic operators [26, 36] ,
where the external magnetic field H is assumed to be directed along the z axis, α is the vector of the Dirac matrices, and the summations run over all electrons of the system. The contribution of
is given by the average value,
where |A is the many-electron wave function of the state under consideration with the total angular momentum projection M J on the z axis. The contribution of H M is given by the following perturbation theory expression,
where the summation runs over the complete spectrum of the many-electron states |N including the single-particle negative-energy excitations. The prime here and below indicates that the terms with E N = E A are excluded from the summation. The external-magnetic-field interaction operator
Due to the relativistic origin of the nonmagnetic part, its contribution is generally much smaller than that of the magnetic part. This rule is violated for s states, where the magnetic part also tends to zero in the nonrelativistic limit.
Within the independent-electron approximation, the many-electron wave function |A of the 
The spherically symmetric binding potential V (r) includes the nuclear potential V nucl (r) and optionally an effective screening potential V scr (r), which can be introduced to account approximately for the interelectronic interaction already in the zeroth order.
In order to take into account the interelectronic interaction beyond the effective-potential approximation, we consider the Dirac-Coulomb-Breit (DCB) Hamiltonian,
where the Coulomb-Breit interaction operator H int reads, The formulas (3) and (4) can be used to find the nuclear recoil contributions to the g factor for some (approximate) solution |A of the Dirac-Coulomb-Breit equation,
For realization of this scheme, we employ the CI-DFS method [39] , which has been successfully applied for a wide variety of electronic-structure calculations. In particular, the interelectronicinteraction contribution (without the recoil effect) to the g factor of B-like ions was obtained within the CI-DFS method in Refs. [16, 22, 40] . The reference-state wave function |A is found as a linear combination of the configuration-state functions in the basis of the Dirac-Fock and DiracFock-Sturm orbitals. Then, the magnetic part ∆g magn is simply calculated as the average value of
. Evaluation of the nonmagnetic part (4) within the CI-DFS method is more complicated and, at the same time, less important, due to its smallness. So, it is not considered in the present work.
Alternatively, the perturbation theory with respect to H int can be used. In this way, the zerothorder terms ∆g and |N constructed as the Slater determinants within the independent-electron approximation.
The first-order correction to the magnetic part reads,
where the plus sign over the sum indicates that the intermediate |N states are constructed as the Slater determinants of the positive-energy one-electron states only. The first-order correction
nonmagn to the nonmagnetic part is given by the somewhat lengthy formula, which has been given in a compact form in Ref. [33] . In that work, all contributions up to the first order in H int -∆g
nonmagn , and ∆g (1) nonmagn -have been evaluated in the Coulomb and four different screening potentials. The unknown contributions of the second and higher orders largely determine the total uncertainty in the wide range of Z, up to Z ≈ 80. In this work, we evaluate the second-order correction to the magnetic part of the nuclear recoil effect,
This expression leads to a massive set of contributions (which can be also represented as diagrams) within the standard many-body perturbation theory (MBPT) approach, i.e., when the manyelectron wave functions |A , |N 1 and |N 2 are expanded in terms of the one-electron functions (eigenfunctions of h D ). In order to overcome this problem we follow the approach developed in
Ref. [41] . First, the finite basis set of the Slater determinants is constructed from the one-electron basis of the dual-kinetically-balanced B-splines [42, 43] . Then, ∆g
magn is evaluated straightforwardly according to Eq. (10), while the many-electron matrix elements are reduced to the one-and two-electron ones by the computer code according to the well-known combinatorial algorithm.
In Ref. [41] the use of the recursive formulation of the perturbation theory was demonstrated on top of the effective treatment of the many-electron matrix elements. Within this approach, the contributions of the second and higher orders in H int were evaluated for lithiumlike ions [26, 27] . Extension of this approach to boronlike systems is in demand, however, it is hold back by the fast growth of the many-electron basis set with respect to the number of excitations taken into account. The presently considered second-order contribution ∆g (2) magn involves the single and double excitations only, which makes it accessible for calculation.
III. RESULTS AND DISCUSSION
The Breit-approximation nuclear recoil contributions to the g factor of boronlike ions have been evaluated to zeroth and first orders in the interelectronic interaction in Ref. [32] for Z = 10-20 and in Ref. [33] for Z = 20-92. These works used different sets of the screening potentials, however, the results were found to be in good agreement at the "junction point" Z = 20 [33] . In this work we recalculate these contributions in the range Z = 10-18 with the same choice of the potentials as in Ref. [33] . We also extend to this range of Z the calculations of the higher-order (in αZ) two-electron contribution, which has been presented in Ref. [40] for Z = 18 and in Ref. [33] for Z = 20-92. The higher-order one-electron contribution has been evaluated recently in the range Z = 1-20 for 1s, 2s, 2p 1/2 and 2p 3/2 states [38] .
The main focus of the present work is on the magnetic nuclear recoil contribution beyond the first order of the perturbation theory. Table I displays the second-order correction ∆g [45] , and local Dirac-Fock (LDF) [46] . We present the results in terms of the coefficient C(αZ),
defined in line with the A(αZ) and B(αZ) coefficients in Refs. [32, 33] . So, the total magnetic part can be found as,
In Table II we present the individual terms in the brackets in Eq. (12), the sum of the first two terms A(αZ) + B(αZ)/Z, and the sum of all three terms. The results obtained with the different potentials are given in the corresponding columns. The zeroth-and first-order coefficients A and B
were calculated already in Refs. [32, 33] , however, only the sum of the magnetic and nonmagnetic parts was given, except for Z = 18 [32] .
The magnetic nuclear-recoil contribution has been also evaluated within the all-order multireference CI-DFS method. The employed one-electron basis set is 30s 31p 32d 33f 34g. All single and double excitations from the (1s) 2 (2s) 2 2p and (1s) 2 (2p) 3 configurations are included. The contribution of the triple excitations is estimated with the smaller basis set, 20s 21p 22d. The results are presented in Table II in the lines labeled as "CI-DFS". We note that these values are not related to any zeroth-order potential, Coulomb or screening.
Five columns in Table II represent the different zeroth-order potentials for the perturbationtheory results, the last column shows the "spread" of the screening-potential values. It is found as a maximal absolute difference between any two of them, while the Coulomb value is not included.
The "spread" in the "CI-DFS" line is the absolute difference between the CI-DFS and the secondorder LDF values. We point out the following important observations:
1. The spread is getting smaller after each step of the perturbation theory.
2. The contribution of the next order is significantly larger than the spread at the previous step. So, the precaution, based on the first-order results, that this spread cannot seize the unknown higher orders is confirmed now for the second order as well.
3. The second-order results are much closer to the CI-DFS values than the first-order results (except for the Coulomb potential for Z 50). The differences between the second-order and the CI-DFS values are larger than the second-order spread (in agreement with the previous clause), but smaller than the second-order term C/Z 2 itself. So, the perturbation series can be termed as "convergent" at this level.
4. The results for the Coulomb potential demonstrate poor convergence of the perturbation series for Z 50. This is not surprising and can be explained by the near degeneracy of the (1s) 2 (2s) 2 2p
and (1s) 2 (2p) 3 configurations in the zeroth-order approximation.
Based on the above remarks, we take the CI-DFS values as the final ones for the magnetic part.
The uncertainty ascribed to these values equals the CI-DFS−LDF difference ("spread" in the CI-DFS line). We accept this rather conservative estimation for the following reasons. The CI-DFS uncertainty due to the basis size is currently estimated to be much smaller -from a few units for low Z to less than 1 for high Z in the last presented digit. However, the observed peculiarities of the perturbation series suggest that convergence of the all-order method might also be worse than it seems. The complete investigation of this question requires further extensive computations.
There are also other sources of the total uncertainty that are discussed below.
The nonmagnetic part of the nuclear recoil effect on the g factor of boronlike ions is presented in Table III . The zeroth-and first-order terms, A(αZ) and B(αZ)/Z, are presented along with their sum. The total g-factor contribution of the nonmagnetic part is,
The values obtained with the LDF potential are chosen as the final results. We estimate the uncertainty due to the second-and higher-order interelectronic-interaction corrections as ∆g
nonmagn · (∆g (1) nonmagn /∆g (0) nonmagn ). The higher-order results obtained in this work for the magnetic part demonstrate that this recipe proposed in Refs. [32, 33] can be considered reliable.
The nuclear recoil contribution within the Breit approximation is given by the sum of the magnetic and nonmagnetic parts,
The total nuclear recoil correction to the g factor is given by the sum of the Breit and QED terms,
Here, ∆g QED comprises both the one-and two-electron higher-order (in αZ) contributions. The
Breit and QED terms are presented in Table IV along with their sum in terms of the function
For F QED we take the values from Ref. [33] in the range Z = 20-92. For lower Z we evaluate it in this work within the same methods for the LDF screening potential. The finite-nuclear-size effect is partly taken into account for all contributions by using the corresponding potential V nucl (r) in the Dirac Hamiltonian (6) . The Fermi model is employed to describe the nuclear charge distribution, and the nuclear charge radii are taken from Ref. [47] . The uncertainty due to the finite-nuclear-size effect has been discussed in Ref. [33] , we follow the same algorithm here and add the uncertainties quadratically. For the QED part, the uncertainty is obtained by multiplying ∆g QED by a factor of 2/Z.
In Table V , we present the nuclear recoil contribution to the g factor of several B-like ions in the range Z = 10 − 60. We left out the lead and uranium ions, since the results are not improved in comparison to the ones presented in Ref. [33] . The nuclear masses are taken from the Ame2012 compilation [48] in accordance with Ref. [49] . The nuclear recoil correction to the g factor of boronlike argon than the previous value −9.09 (19) × 10 −6 [32] . This result represents an important step towards improvement of the total theoretical g-factor value, which is in high demand in view of the recent high-precision measurement [16] . The interelectronic-interaction and two-electron QED effects, which are presently the main sources of uncertainty, can be evaluated to a better accuracy within the approach developed previously for lithiumlike ions [12, 14, 15] .
IV. CONCLUSION
The interelectronic-interaction contribution to the nuclear recoil effect on the ground-state g factor of boronlike ions has been considered within the Breit approximation. 
